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Abstract. In this paper, the foUowing results are proved: (1) If _E is a complete atomic lattice effect 
algebra, then E is (o)-continuous iff E is order-topological iff E is totally order-disconnected iff E is 
algebraic. (2) If is a complete atomic distributive lattice effect algebra, then its Frink ideal topology 
Tid is Hausdorff topology and Tid is finer than its order topology Tq, and Tid = Tq iff 1 is finite iff every 
element of E is finite iff Tid and Tq are both discrete topologies. (3) If £' is a complete (o)-continuous 
lattice effect algebra and the operation is order topology Tq continuous, then its order topology Tq is 
Hausdorff topology. (4) If i? is a (o)-continuous complete atomic lattice effect algebra, then ® is order 
. topology continuous. 
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1. Introduction 



Effect algebra is an important model in studying the unsharp quantum logic theory, it is also an 
important carrier of quantum states and quantum measures ([1]). As an important tool of studying the 
quantum states and quantum measures, the topological structures of effect algebras not only can help us 
Q^l to describe the convergence properties of quantum states and quantum measures, but also can help us 

to characterize some algebra properties of effect algebras. This paper contributes to the understanding 
of the topological properties and algebraic properties of effect algebras, it both promotes some classical 
. results, for example. Theorem 2.1, and obtain several new interesting conclusions, for example. Theorem 

3.1, Theorem 4.1 and Theorem 4.3, etc. Now, we show them in details in the following three sections. 



The structure {E, 0, 0, 1) is said to be an effect algebra if 0, 1 are two distinguished elements of E and 
(N ■ is a partially defined binary operation on E which satisfies the following conditions for any a,b,c G E 

> : ([1]): 

^ ■ (1) If 

a © 6 is defined, then 6 a is defined and a 6 = 6 a. 

(2) If a06 and (a05)0c are defined, then 60c and a0(50c) are defined and (o06)0c = o0(60c). 

(3) For each a ^ E there exists a unique b & E such that a 6 is defined and a 6 = 1. 

(4) If a 1 is defined, then a = 0. 
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■ The effect algebra (E, 0, 0, 1) is often denoted by E. For every a d E, we denote the unique b in 

condition (3) by a' and call it the orthosupplement of a. The sense is that if a presents a proposition, 
then a' corresponds to its negation. The operation of an effect algebra E can induce a new partial 
k>( \ operation and a partial order < as follows: a 5 is defined iff there exists c € E such that 6 c is 

j_j ■ defined and 5 c = a, in which case we denote c by a 6; ci < e iff there exists f £ E such that d / is 

I defined and d(B f — e. This showed that every effect algebra is a partial order set. If {E, <) is a lattice, 

then E is called a lattice effect algebra, similarly, we can define the complete lattice effect algebras. If 
a lattice effect algebra is a distributive lattice, then it is called a distributive lattice effect algebra. For 
more details on effect algebras, for example, a 6 is defined iff a < 5', we refer to [1]. 

Let E be an effect algebra and a,b £ E with a < b, denote [a, b] = {p £ E\a < p < b}. A nonzero 
element a G E is said to be an atom of E if [0, a] — {0, a}, £' is said to be atomic iff for every nonzero 
element p £ E, there is an atom a £ E such that a < p ([1]). 

An element x £ E is said to be a sharp element of E if x A x' — 0, that is, proposition x and its 
negation x' have no overlaps. 
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2. The order-continuity and order-topological effect algebras 

Assume that P is a partial order set and {aa)aee is a net of P. If for any a,l3 € s, when a ^ f3, 
«a ^ a/3) then we denote Ua T) nioreover, if a = \/{aa\a G e}, then we denote Ua T a- Dual, we have Ga I 
and tta i a. A net {aa)aes is said to be order convergent ((o)-convergent, for short) to a point a e P if 

there are nets {Ua)aes and {va)ae£ of P such that a Ua < aa < Va I a, and we denote tta a. If r 
is a topology equipped on P such that every (o)-convergent net of P is r- convergent, then r is said to 
have C property. The strongest topology of P which has C property is called the order topology of P 
and denoted by To- It is obvious that the (o)-convergence of nets implies To-convergence, but the converse 
does not hold ([2]). The following Theorem 2.1 answer when they are equal. 

A lattice L is said to be (o)-continuous ii Xo:,x,y G L and Xa ^ x implies that Xa /\y 1 x Ay. 

It can be proved that if E is an (o)-continuous lattice effect algebra and Xa --^ x and ya y, then 
Xa\/ ya y and Xa Aya X Ay ([2]). 

A complete lattice effect algebra E is said to be order-topological ((o)-topological) if (o)-convergence 
of nets of elements coincides with To-convergence and E is (o)-continuous ([2]). 

Lemma 2.1 ([2]). A complete atomic (o)-continuous lattice effect algebra E is (o)-topological iff Tq 

of E is Hausdorff. 

A partial order set P is said to be down-directed if every finite subset of P has a lower bound in P. 

Lemma 2.2 ([3]). A subset [/ of a lattice L is open in Tq iff for every directed subset F of L and 
every down-directed subset Z of L with \JY = l\Z & there exist elements y gY and z G Z such that 
[y, z] is contained in U. 

An clement u of an effect algebra E is called finite if there is a finite sequence {pi, ■ ■ ■ ,p„} of atoms of E 
such that u= pi(B- ■ -(BPn- If is complete and atomic, then for every x G E we have x = V{m £ E\u < x, 
u is finite}. Moreover, if E is (o)-continuous, then the join of two finite elements is also finite ([4]). 

An element u of an effect algebra E is called compact if « < VD for D C E implies that u < VP for 
some finite subset F C D, and E is called algebraic (or compactly generated) if every x G E is a join of 
compact elements of E ([4]). 

Lemma 2.3 ([4]). Let i? be a complete atomic (o)-continuous lattice effect algebra. Then for every 
finite element u oi E, ii u < VD for D C E implies that u < VP for some finite subset F of D. 

Lemma 2.4. Let E he a complete atomic (o)-continuous effect algebra. Then for each finite element 
u, [u, 1] and [0, u'] are To-clopen sets. 

Proof. Evidently, [u, 1] and [0, u'] are To-closed sets. Let F be a directed subset of E and Z he a 

down-directed subset of E and satisfy \/ Y = f\Z G [u,l]. As u is finite, by Lemma 2.3, there exists 
a subset {yi,-- - ,yn} ^ Y such that u < y^^iyi- Since Y is directed, there is a yo ^ Y such that 
u < '^'i^xDi < yo- For every fixed zq G Z, yo <\/Y = /\Z < zq, so [yo, zq] C [u, 1]. By Lemma 2.2, [u, 1] 
is To-open. 

Similarly, we can prove [0, u'] is To-open set. 

A lattice L is said to be totally order-disconnected if its lattice operations are order topology To 
continuous and for any two elements x, y with x ^y, there exists a clopen upper set U containing x but 
not y, where U is an upper set iS u gU implies {x G L : x > u} C U. 

Lemma 2.5. Let E he a complete atomic (o)-continuous lattice effect algebra. Then E is totally 
order-disconnected. 

Proof. Let a,b he two elements of E with a ^ b. As a = W{u G E\u < a, m is finite}, there exists 
a finite element uq G E such that uq < a and wq ^ b. Let Ui = [uo,l]. Then a G U\ and b ^U\. By 
Lemma 2.4, Ui is an upper set and To-clopen. Thus, E is totally order-disconnected. 

It is clear that for every totally order-disconnected lattice, its order topology is disconnected and 
Hausdorff. 



2 



The following theorem establishes the equivalent relation among (o)-continuity, (o)-topological, totally 
order-disconnected and algebra property of a complete atomic lattice effect algebra E. 

Theorem 2.1 Let S be a complete atomic lattice effect algebra. The following statements are 
equivalent: 

(1) £■ is order-continuous. 

(2) E is order-topological. 

(3) E is totally order-disconnected. 

(4) E is algebraic. 

Proof. (1) (2). It follows from Lemma 2.5 that Tq is Hausdorff, so by Lemma 2.1, (2) holds. (1) 
(3) can be proved by Lemma 2.5 and (1) implies (2). (1) => (4) is obtained by Lemma 2.3. (3) => 
(2): Since (3) implies that Tq is Hausdorff and the binary operations of A and V are Tq continuous, by 
the similar method with the proof of Theorem 8 in [2], (2) holds. For (4) ^ (1), we refer to [3]. (2) =^ 
(1) is clear. 

3. The relation of order topology and Prink ideal topology of effect algebras 

The' Frink ideal topology is an important intrinsic topology of partial order set. Frink pointed out that 
the topology is the correct topology for chains and direct products of a finite numbers of chains. Atherton 
in [5] asked: Whether the Prink ideal topology is Hausdorff topology in every distributive lattice. Ward 
pointed out that in a Boolean algebra, the Frink ideal topology is Hausdorff topology and it is quite 
usual for the Frink ideal topology to be strictly finer than the order topology ([6]). Now, we show that 
for every complete atomic distributive lattice effect algebra E, the Prink ideal topology Tid is Hausdorff 
and is finer than its order topology Tq, and Tid = Tq iff 1 is finite iff every element of E is finite iff Tid and 
To are discrete topologies. 

Let L be a lattice and I C L. Then / is said to be an ideal of L if the following conditions are satisfied: 

(i) When a ^ I , x ^ L and x < a, x ^ I. 

(ii) When a el, bGl,aVbeI. 

The ideal / of L is said to be a completely irreducible ideal if it is not the intersection of a collection 

of ideals all distinct from it, i.e., if {Ia)aeA is a collection of ideals such that / = Oa^Ala, then I = 
for some ao G A. It is clear that every maximal ideal is a completely irreducible ideal. 

Similarly, the dual ideal and completely irreducible dual ideal of L can be defined, too. 

Let L be a lattice. The Frink ideal topology Tid of L can be described as following: Take all completely 
irreducible ideals and completely irreducible dual ideals of i as a subbasis of the open sets of the topology 
Tid ([7]). 

Elements a, 6 of a lattice effect algebra E are said to be compatible iff a V 6 = a © (6 (a A 6)) and 
denoted by a ^ 6. If for any a,b € E, a ^ b, then E is said to be a MV^-effect algebra ([8]). 

In order to prove our main results in this section, we first need the following: 

Lemma 3.1 ([9]). Let E he a lattice effect algebra. 

(i) U X (By exists, then x (By = {x \/ y) (B {x A y) . 

(ii) If xAy = and for m, n G N, the elements mx, ny and {mx)(B{ny) exist in E, then {kx)A{ly) = 
and (kx) V (ly) = (kx) ffi (ly) for all fc G {1, • ■ • , m}, / G {1, ■ • • , n}. 

(iii) Let Y C E. U\/Y exists in E and x e E such that x ^ y for every y then x A {\/ Y) = 
y{x Ay : y gY} and x *^\/Y. 

A finite subset F = (afe)^^i of effect algebra E is said to be ©-orthogonal if ai © a2 © • • • ® exists 
in E and denote ai © 02 © • • • © a„ with flfe or F. An arbitrary subset G = {ak)k£H of E is said 

to be ©-orthogonal if if exists for every finite subset K QG. Let G = {ak)keH be a ©-orthogonal 
subset of E. If V{0 K\K C G finite} exists in E, we denote V{0 K\K C G finite} with G ([9]). 

Lemma 3.2 ([9]). Let £^ be a complete effect algebra and {ak)keH a ©-orthogonal subset of E. If 
Hi CH,H2= H\Hi, then 

afc = ( afc) © ( afc). 

keH keHi keH2 
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For an element x of an effect algebra E, we define ord(a;) = <x \i nx = x @ ■ ■ ■ ® x {n times) exists 
for every n & N and ord(a;) = Ux & N (called isotropic index) if Ux is the greatest integer such that UxX 
exists in E. It is clear that in a complete lattice effect algebra E, Ux < oo for every x & E. 

The set of sharp elements of E is denoted by S{E). It has been shown that in every lattice effect 
algebra E, S{E) is an orthomodular lattice, is a sub-effect algebra and a sublattice of i? ([4]). Moreover, 
S{E) is a full sub-lattice of E, that is, S{E) inherits all suprema and infima of subsets of S{E) if they 
exist in E. In a complete atomic distributive lattice effect algebra E, S{E) is a complete atomic Boolean 
algebra ([9]). 

An clement x € E is said to be principle if a < a;, 6 < x and a © & is defined, then a (B b < x. 
In a lattice effect algebra E, x is principle iff x is sharp. 

Lemma 3.3 ([9]). If -E is an atomic lattice effect algebra and a G i? is an atom with ord(a) = Ha, 
then 

(i) (ka) A (ka)' ^ for aU fc e {1, 2, ■ • • , n„ - 1}. 

(ii) naaeS{E). 

(iii) If M = (fcioi) © (fc2a2) © • • • © (A;„a„), where {ai, 02, • ■ • , a„} is a set of mutually different atoms 

of E, then u = Vf^i(fciai). 

(iv) If E is complete and x 0, then there are mutually different atoms aa € E,a €T, and positive 
integers ka such that 

^ = ^{kaaa\oi e r} = \J{kocaa\a G r}. 

Moreover, x G S{E) iff ka = ria^ = ord(aa) for all a G F. 

Lemma 3.4 ([9]). Let £^ be a complete atomic effect algebra. Then for every x e E with x ^ 0, 
there exists a unique Wx G S{E), a unique set {ac«|Q; G A} of atoms of E and unique positive integers ka, 
a ^ A, such that 

X = Wx® {^{kattala G A}). 

Moreover, ii w £ S{E) with w < x Q Wx, then w = 0. 

Definition 3.1 ([10-12]). An effect algebra E is called sharply dominating if for every a € E there 
exists a smallest sharp element a G E such that a < d. A sharply dominating effect algebra E is called 
S'-dominating if a Ap exists for every a G E and p G S{E). 

It is clear that a lattice effect algebra E is S'-dominating iff E is sharply dominating. Every complete 

lattice effect algebra is sharply dominating. 

Lemma 3.5. Let E he a. complete atomic distributive lattice effect algebra. If w is a finite element 
of E, then the smallest sharp element u dominating u is also finite. If ui,U2 G E with m < U2, then 

ill < U2. 

Proof. By Lemma 3.3, there are mutually distinct atoms {oi, • • • , am} and positive integers {fci, ■ • • , km} 
such that u = (B^ikiUi = W^-^kiai. We claim u = (B^iUiUi = y^^niai, where rij is the isotropic in- 
dex of ttj. Let h G S{E) with u < b. For every i with ki ^ rij, we have kitti © b' is defined and 
since (kiUi) A 6' < 6 A 6' = 0, we obtain, by Lemma 3.1, that (kiUi) (B b' = {kiUi) V b'. As kiUi < a[ and 
b' < {kiQi)' < a-, {kiai)®b' = {kiai)\/b' < a-. It follows that there exists {ki + l)ai®b' = {ki+l)aiWb' < a\. 
Hence, {ki -\- 2)ai © b' exists, by induction, nitti © b' exists and so riiai < b. Thus, u = Vj^^njaj < b. 

Let Ml < U2. Then Ui < U2 < U2- By the definition of sharply dominating effect algebra, we get 

Lemma 3.6. Let be a complete atomic distributive lattice effect algebra and F the set of all finite 
elements and of E. Then F is an ideal of E. 

Proof. Note that in every complete atomic distributive lattice effect algebra, the join of two finite 
elements is finite as well, so we only need to prove the fact that if u G £^ is finite and x € E with 
^ X < u, then x is finite. 

Let u be finite and ^ x < u. Then, by Lemma 3.5, w G S{E) and u is finite with x < u. It follows 
from Lemma 2.3 that m is a compact element of E, so it is a compact element of S{E). 

(i) If a; G S{E), by Lemma 3.3, we can assume x = (BaeAnada = ^aGAnada, where {a^ : a G A} 
is a set of atoms and is the isotropic index of Ua- Note that S{E) is a complete atomic Boolean 
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algebra and a; < u, so x is a compact element of S{E). Thus, there exist {ai, • • • , am} C A such that 
X = yaeKnaO-a < V™ ^na^ac,., so X = y^ina^aai = ©i^^i^aiOoi- That is, a; is a finite element of E. 
(ii) If a; ^ S{E). There exists xi £ E such that u = x (B xi. By Lemma 3.4, we can assume that 

X = Wa:®{\/ kaba) = © kaba), 
a;i = Wxi © ( V 1/300) = Wxi ® ^/3C/3), 

/3er /3er 

where Wx,Wxi € ^(i?), : a e A} and : /3 G F} are sets of atoms and ka ^ ria, Ip ^ np for every 
a £ A and /3 G F. Note that S{E) is a sub-effect algebra, denote xq = (®aeA^"^") ® (©/3er ^/s'^/s)' 
we obtain Xq = u Q Wx Q G 'S'(-E)- Denote Ai = {a e A : there exists C/j such that = C/j} and 
Fi = {/? e F : there exists 6a such that cp ^ ba}. For every /3 e Fi, if C/3 = 6q;, then we denote la — 1/3- 
Thus, by Lemma 3.2, 

(0 kaba) © (0 hep) = (fca + /„)6a © ( kaba) © ( Ipcp). 
aeA /3er aeAi aeA\Ai /3er\ri 

So 5q 7^ for every a G (A\Ai) and /? G (F\Fi). It follows from Lemma 3.1 that (kaba) /\{lpcp) = for 
every a G (A \ Ai) and /3 G (F \ Fi). As (kaba) © {Ipcp) is defined, (fca^a) ^ (^/JC/j), where a G (A \ Ai) 
and /? G (F \ Fi). By Lemma 3.1, we have 

kaba ^ V (hop), V (^«6a) ^ \/ {IpCp). 

/3er\ri aeA\Ai /3er\ri 



So 



Hence 



That is 



( V ikc.ba))A{ V ihc0))= V (( W A (Z/jC/j)) = 0. 

aeA\Ai 0er\Ti aeA\Ai,/3er\ri 

( V iW)®{ V (W)) = ( V (W)v( V (w))- 

aeA\Ai /3er\ri aeA\Ai /3er\ri 



( W®( lpcp) = { V (ft«&c))V( V (^^C;3)). 

aeA\Ai /3er\ri aeA\Ai /3er\ri 

Similarly, we can prove xq = (VaeAi(^<« + 'a)^a) V (VaeA\Ai ^a^a) V (V/3gr\ri '/SC/j)- For every fixed 
ao G A \ Ai, (fcaoOaJ A Xq < xo A Xq = 0. As 0agAi + ^a)6a © (0c<eA\Ai ^c,ba) © (0/3er\ri hep) is 
defined, we have 

OiQ ^OiQ 

< ( Y kaba)', k 

OiQ ^OiQ 

aeAi aeA\Ai,c«#c«o /36r\ri 

So (kaoaao) A x[, = {ka„aao) A ((VaeAi(fca + ^a)^^) V (V^ ) V (V/3er\ri hep))' = (kaottao) A 

(fcao^ao)' = ^- Lemma 3.3, wo have ka„ = na„. Note that we have assumed that ka 7^ ria for every 
a G A, so A = Ai. Similarly, we have F = Fi and ka + h = na for every a G A. That is 

(0 kaba) © (0 hCfs) = y ika+ la)ba = V = U Q Wx Q Wx, € S{E). 

a£A /3er aGA aGA 

Since VqsA ^a^a < w, u is a compact element of S{E) and S{E) is a complete atomic Boolean algebra, 
we get VaeA ^aba is compact. Thus, there exists {ai, ■ • • , am} C A such that 

m m 
V = y Uaibai = 0na,6a;i- 

qGA i=l i=l 

VaeA "a^a = 0aeA "^aba = 011i nafiai, A is finite. Therefore x = Wx ® {\JaeA kaba) is finite. The 
lemma is proved. 

Recall that the interval topology of an eflfect algebra E is the topology which is defined by taking 
all closed interval [a, b] as a sub-basis of closed sets of E. It is well known that Tid > Ti and To > n in 
every lattice. 
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Lemma 3.7 ([2]). Let -B be a complete atomic distributive lattice effect algebra. Then its interval 
topology Ti is compact Hausdorff topology and To = n. 

Theorem 3.1. Let E he a complete atomic distributive lattice effect algebra. Then Tid is Hausdorff 
and Tid > To- Moreover, the following conditions are equivalent: 

(i) Tid = To. 

(ii) 1 is finite. 

(iii) Every element of E is finite. 

(iv) Tid and Tq are both discrete topologies. 

Proof. It follows from Lemma 3.7 and Tid ^ Ti that Tid is Hausdorff topology and Tid > To- 

(ii) (iii) can be proved by Lemma 3.6 easily. 

(iii) (iv). For every x G E, x and x' are both finite. By Lemma 2.4, [0,a;] and [x, 1] are To-open, 
so {x} = [0, x] n [x, 1] is To open, this showed that Tq is discrete. Note that Tid ^ To, we have Tid and To 
are both discrete. 

(iv) ^ (i) is obvious. 

(i) => (ii). Assume 1 is not finite. Let Fq be the set of all finite elements and 0. Then it follows from 
Lemma 3.6 that Fq is an ideal and 1 ^ Fq. By the Zorn's Lemma, Fq is contained in an ideal F maximal 
subject to not containing 1. It is easy to prove that F' = {/' <E E : f E F} is a maximal dual ideal and 
so Tid-opcn with 1 G F' . As 1 = V{u E E : u is finite}, we can choose a net of finite elements {ua)aeA of 
E such that Ua T !> thus, by Lemma 3.5, {ua)aeA is also a net of finite elements of E and Ua T 1. Note 
that (wa)aeA C F and UaV ii'^ = 1, we have ^ F, otherwise 1 G F. Hence Ua ^ F' . That is, Ua is 

not Tjd-convergent to 1. However, Ua — ^ 1- This contradicts (i). So 1 is finite. 
4. The order topology continuity of operation ® of effect algebras 

For the order topology continuity of operation ®, Wu had only presented a sufficient condition under 
a very strictly assumption ([13]). Now, we study this question continuously. 

Lemma 4.1 ([14]). Let (A, T) be a topology space. Then (A, T) is Hausdorff space iff every 
convergent net in X has exactly one limit point. 

Lemma 4.2 ([2]). Let £" be a complete (o)-continuous lattice effect algebra, Xa,x,y € E. Then 

(l) Xa > X =^ Xa\/ y > XV y. 

(u) Xa > X ^ Xa A y > X Ay. 

(ni) Xa >■ X => * X . 

Our main results in this section are the following: 

Theorem 4.1. Let (£",©,0,1) be a complete (o)-continuous lattice effect algebra. If © is order 
topology To continuous, then To is Hausdorff topology. 

Proof. Let {xa)aeA. be a net in E and Xa > x, Xa > y. By Lemma 4.2, 

a;a V a; x, a;„ V a; xVy, {xa V x)' (a; V y)'. 
It follows from © is Tq continuous that 

{xa V x) © {xa V x)' © (x V y)'. 

(To) (Xi) 

That is, 1 > .T © (a; V y)'. Note that Tq > t^, 1 > a; © (x V y)' and {1} is T^-closed, wc have 

a; ffi (a; V y)' = 1, so a; = a; V y, y < x. Similarly, we can prove that x < y. Thus x = y and To is Hausdorff 
topology. 

Example 4.1. Let L be the complete Boolean algebra of all regular open subsets of the unit interval 
7. It follows from L is (o)-contimious and the order topology To of L is not Hausdorff topology ([15]) and 
Theorem 4.1 that © is not order topology Tq continuous. 

Theorem 4.2. Let {E, ©, 0, 1) be a complete atomic (o)-continuous lattice effect algebra. If aa > 

(To) (To) 

and ba > with Ua < b'^ for every a, then © > 0. 
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Proof. Suppose A/3 Vq,>/3 (cq ® 6q) = c. For every finite element u G E, there exists sharply 
dominating element u such that u < u. It follows from Lemma 3.5 that u is also finite. So [0, m'] C [0, u'] 
and by Lemma 2.4 that they are both To-open. Note that £ [0,^'], there exists ao such that for every 
a > ao, tta & [0,u'] and ba G [0,u']. Thus, for every a > ao, Ua (B ba < u' since u' is principle, so 
Vc«>ao('^a ® < and c < u', this showed that c' > u > u. As 1 = \!{u G E : u is finite }, c' > 1. 

That is, c' = 1 and c = 0. Hence, we have aa ® ba 0, thus, © -^^^ 0. 

Lemma 4.3 ([16]). Let E he a lattice eff'ect algebra. Then Xa x iS {xW Xa) Q x and 

a;e {x AXa) 0. 

Theorem 4.3. Let {E, ©, 0, 1) be a complete atomic (o)-continuous lattice effect algebra. If — ^ a 
and 6a — ^ 6 with < b'^ and < b' and 6^ < a' for every a, then © ba — a ® 6. 

Proof. By Theorem 2.1 and Lemma 4.3, we only need to prove that 

((fla © ba) V (o © b)) © (a © 6) 0, (a © 6) © ((a © 6) A (a^ © 6„)) 0. 

Note that — ^ a implies that — '-^ a, and since < 6' for every a, we have a < b'. Moreover, 

since tta < A &') and a < (6^ A 6'), (aa V a) © {ba V 6) is defined. As aa — ^ a and ba — ^ 6, it follows 
from Lemma 4.3 that 

(ua V a) © a 0, {ba Vb)eb 0. 

Note that {{ua V a) © a) © ((6^ V 6) © 6) = {{aa V a) © V 6)) © (a © 6) > ((a^ © V (a © b)) © (a © 6) 
and Theorem 4.2, we have 

{{aa V a) © a) © ((6„ V 6) © 6) 0, 

so 

((fla © 6a) V (a © 6)) © (a © 6) 0. 

(To) 

Similarly, we can prove that (a © 6) © {{a © 6) A (oc © ba)) — and the theorem is proved. 

Corollary 4.1. Let {E, ©, 0, 1) be a complete atomic MF-effect algebra, Oq — ^ a and ba — ^ 6 
with aa < b'a for every a. Then © ba — — >■ a © 6. 
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